MAGNETIC VIRIAL IDENTITIES, WEAK DISPERSION 
AND STRICHARTZ INEQUALITIES 



LUCA FANELLI AND LUIS VEGA 



Abstract. We show a family of virial-type identities for the Schrodinger 
and wave equations with electromagnetic potentials. As a consequence, 
some weak dispersive inequalities in space dimension n > 3, involving 
Morawetz and smoothing estimates, are proved; finally, we apply them to 
prove Strichartz inequalities for the wave equation with a non-trapping 
electromagnetic potential with almost Coulomb decay. 



1. Introduction 

In this paper, we consider electromagnetic Hamiltonians in the standard 
covariant form 

H = -V\ + V(x), (1.1) 

where 

Va = V-*A, A= (A 1 ,...,^™) :R n ^R" (1.2) 

and V : R™ — > R; the magnetic potential A satisfies the Coulomb gauge 
condition 

divA = 0. (1.3) 
Related to these Hamiltonians, we study the magnetic Schrodinger equation 

\iu t (t,x) - Hu(t,x) = 
\u(0,x)=f(x), 

and the magnetic wave equation 

u u (t,x) + Hu(t,x) = 

u(0,x)=f(x) (1.5) 
u t (0,x) = g(x), 

where in both cases the unknown is a function u : R 1+n -» C. We arc 
interested in weak dispersive phenomena for equations (|1.4p and (jl.51) : in 
particular, we will point our attention on the structures of A and V which 
allow the weak dispersion. 

In the family of weak dispersive estimates we find, among the others, 
Morawetz and smoothing estimates. 

For the free case A = = V, the Morawetz estimates are, for n > 3, 

|d T e itA /| 



o 



<II/[L* (1-6) 
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+00 , d T e iW ~ A f 
, / U < 11/11*. (1-7) 

10 JK" \ x \ 

where d T is the tangential derivative. Inequality (II. 7p was proved in [15] 
for the Klein-Gordon equation first, and then extended to the Schrodinger 
equation. We also recall the smoothing estimates for the free equations 

sup i-/ + °°/ |Ve** A /| 2 < 11/11 ^ (1. 

1 



R>0 R JO J\x\<R H ^ 
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(1.9) 



Inequality (|1.8|) was proved independently in [B] , [T7] and [TH] , and the proof 
can be easily generalized to obtain (|1.9p . We also mention the paper [TB], in 
which a proof of (|1.9p for the nonlinear wave equation based on a modifica- 
tion of Morawetz ideas [15] is given. Extensions to the Schrodinger equation 
were considered in [2] . However not so many results are available for the 
magnetic case A 7^ 0; we mention pQ [7j, [TU], [S] and [H] where Strichartz 
and smoothing estimates for the magnetic Schrodinger and wave equations 
are proved. 

The aim of this paper is to show, for non-trapping magnetic Hamiltonians, 
the relation between virial identities and weak dispersion, in analogy with 
the results in [16], [2], and [3]. 

All through the paper we will assume some regularity assumptions on the 
Hamiltonian H. 

(HI) The Hamiltonian Ha = — is essentially self-adjoint on L 2 (R n ), 
with form domain 

D(H A ) = {f:f £ L 2 ,j \V A f\ 2 < 00 j . 

(H2) The potential V is a perturbation of H A in the Kato-Rellich sense, 
i.e. there exists a small e > such that 

\\Vf\\ L 2<(l-e)\\H A f\\ L2 +C\\f\\ L 2, (1.10) 

for all / G D(H A ). 

Assumptions (HI), (H2) have several consequences about the existence 
theory for equations (jl.4p . (jl.5p . First of all, they imply the self-adjointness 
of H, by standard perturbation techniques (see e.g. [1]); hence by the spec- 
tral theorem we can define the Schrodinger and wave propagators S(t) = 
e ltH , W(t) = H~~z e l *v / 7? \ Moreover we can define for any s the distorted 
norms 

11/11^ = 11^/1^. ||/|| w , = ||/|| i2 + l/|| L2 . 

Since H and H s commute with each other, for any s > 0, the Schrodinger 
propagator S(t) satisfy the family of conservation laws 

V tH f\\ns = ll/lk*, s>0, 
for all Similarly, the distorted wave energy 

1 „o 1 

2 1 

is conserved on solutions of (11.51) 
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For the validity of (HI) and (H2) see the standard reference [3]. 

In space dimension n = 3 the magnetic field B = curL4 is a physically 
relevant quantity for equations (|1.4j) and (jl.5p . In order to continue, we 
need to define the analogous of curL4 in any space dimension; we give the 
following definition. 

Definition 1.1. For any n > 2 the matrix-valued field B : W 1 — ► A4 nX nO&) 
is defined by 

B~DA-DA>, B,^*-™. 

oxi ox 1 

We also define the vector field B T : W 1 — ► M. n as follows: 

B T = i^B. 

\x\ 

Hence B is defined in terms of the anti-symmetric gradient of A. In 
dimension n = 3, the previous definition identifies B = curl A, namely 

Bv = curLA A v, Vv £ M 3 . 

In particular, we have 

B T = r—r A curlj4, n = 3. (1.11) 
\x\ 

Hence B T {x) is the projection of B = cxvAA on the tangential space in x to 
the sphere of radius for n = 3. Observe also that B T ■ x = for any 
n > 2, hence B T is a tangential vector field in any dimension. Also notice 
that A and A + V-0 produce the same S, for any n > 2; actually, in order to 
preserve the gauge invariance of our results, it is our interest to give always 
assumptions in terms of B. 

We can now state our main results. 

1.1. Magnetic virial identities. They are convexity (in time) properties 
for certain relevant quantities related to the solutions of these equations. 
A 3D-version of the virial identity for the magnetic Schrodinger equation 
appears in [llj , [p2] ; in Theorem 11.21 we present the generalization to any 
space dimension, while in Theorem 11.31 we give the analogous identity for 
the magnetic wave equation (jl.5p . 

We start with the Schrodinger equation. 

Theorem 1.2 (Virial for magnetic Schrodinger). Let <p : W 1 — > R be a 

radial, real-valued multiplier, <j> = <j)(\x\), and let 

Q s (t) = f 0\u\ 2 dx. (1.12) 

Then, for any solution u of the magnetic Schrodinger equation (|1.4p with 
initial datum f E L 2 , Ha$ £ L 2 , the following virial-type identity holds: 

@ s (t) =4 / V A uD 2 (j)VAudx - \u\ 2 A 2 cj)dx 

-2 (f)'V r \u\ 2 dx + 43 I u(t)'B T -V^ldx, (1.13) 

where 

( D ^) jk =d^k^ A 2 = A(A0), 
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for j, k = 1, . . . , n, are respectively the Hessian matrix and the bi-Laplacian 
of<f>. 

The analogous result for the wave equation (|1.5|) is the following. 

Theorem 1.3 (Virial for magnetic wave). Let 4>, : W 1 — > M, be two radial, 
real-valued multipliers, and let 



dx. 



Q w (t) = j ^K| 2 + (f>\ V A u\ 2 - ^(A0)M 2 ^ dx+ J \u\ 2 (f)V dx+ J \u\ 2 ^ 

(1.14) 

Then, for any solution u of the magnetic wave equation (|1.5|) with initial 
data f,g£ L 2 , HAf,HAg G L 2 , the following virial-type identity holds: 

Q w (t) =2 j V A uD 2 (jN A udx - - I \u\ 2 A 2 4>dx 

+ 2 \u t \ 2 ^dx-2 / \V A u\ 2 ^dx+ / \u\ 2 M>dx 



- / cf>'V r \u\ 2 dx + 29 / u<j)'B T -V A udx. (1.15) 
J it™ 

We give two immediate corollaries of the previous theorems. 

Corollary 1.4. Let u be a solution of the magnetic Schrodinger equation 
(ll.4h with f € L 2 , Ha} G £ 2 - Then the variance 

Q(t) = / |x| 2 |u| 2 dx 

satisfies the identity 

Q(t)=8 / |Vau| 2 dx-4 / \x\V r \u\ 2 dx+85 / |a?|tiB T - V A u dx. (1.16) 

it™ it™ it™ 

For the magnetic wave equation we have the following analogous result: 

Corollary 1.5. Let u be a solution of the magnetic wave equation (jl.5p with 
f,g G L 2 , HAf,HAg G L 2 . Then the quantity 

Q(t) = J j|x| 2 (\u t \ 2 + \V A u\ 2 + \u\ 2 V^ - (n- l)|-u| 2 } dx 

satisfies the identity 

Q{t) = 2 / \u t \ 2 + \V A u\ 2 dx-2 / V r \u\ 2 dx+4<3 / uB T -VAudx. (1.17) 

it™ J JR n 

The proofs of the corollaries are immediate applications of identities (|1 . 13[) 
and (|1.15p with the choice 4>(x) = \x\ 2 , \P = 1. 

The previous identities suggest that it is relevant to show examples of 
potentials A for which B T = 0; we will focus our attention on the 3D case. 

Example 1.6. First we consider some singular potentials. Take 

' (-y,x,0) = 2 ■ \ ■ J x,y,z) A (0,0,1). (1.18) 



x 2 + y 2 + z 2 ' ' x 2 + y 2 + z 2 



We can check that 

R = — r >, 

(x 2 + y 2 + z 2 ) 



V-A = 0, B = -2 — ; 9 ; — (a;,y, g ), £ r = 0. 
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Another (more singular) example is the following: 

A = (Vl^> Vr^' ) =-J—i{x,v,z) A (0,0,1). (1.19) 
\ar+3r ar + jr J x z + y A 

Here we have B = (0,0,5), with 5 denoting Dirac's delta function. Again 
we have B T = . 

Example 1.7. Now we show a natural generalization of the previous ex- 
amples. Assume that B = curl A : R 3 — > R 3 is known; since divA = 0, we 
can reconstruct the potential A using the Biot-Savart formula 

A(x) = ]- f A B(y) dy. (1.20) 

47T J \x — y\° 

Assume now that B T = 0, namely x A B{x) = 0; by (|1.20|) we have 

A(x) = f A / dy. (1.21) 

47r y |cc — y\ 6 

To have i? r = it is necessary B(y) = g(y)-&, for some scalar function 

g : R 3 — > R. Since we want A ^ 0, g has not to be radial. As an example 
we consider 

« ? (y) = / l f^-^|y|- Q , 



12/1 

for some fixed to £ S 2 , where h is homogeneous of degree and a G R; 
consequently, the vector field B is homogeneous of degree —a. By (|1.21|) we 
have 



A(z) = — A / , v ' , ; yd?/. (1.22) 
4vr 7 |x - y| 3 |y| a 

The potential A is homogenous of degree 1 — a, and by symmetry we have 
that A(uj) = 0. These examples can be easily extended to higher dimensions. 

1.2. Applications to dispersive estimates. We pass to some applica- 
tions of Theorems 11.21 and 11.31 to weak dispersive estimates for (|1.4p and 
(|1.5p . All the following results hold in dimension n > 3. 
We need to introduce the following family of norms: 

Definition 1.8. For any / : R 3 —> R and a G R we define 

n + OO 



r+oo 

/ p a sup |/| dp. (1.23) 

J0 |x|=p 



We state the following theorems. 

Theorem 1.9 (Weak dispersion for 3D Schrodinger). Let n = 3; assume 
that 

|||£ T 2 |||3 + |||K + lll2<^. (1-24) 

Then, for any solution u of (|1.4[) with f G L 2 , HAf G L 2 , the following 
estimate holds: 

sup-/ / |V AU | 2 dxdt <C||/||2 (1.25) 

R>0 K JO J\x\<R n ^ 
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for some C > 0. Moreover, if the strict inequality holds in (|1.24p . we also 
have 

Y r+oo r r+oo i- l^r 

sup—/ / \V A u\ 2 dxdt + e / 1 A 1 dxdt (1.26) 

R>0 R JO J\x\<R. JO Ju n Fl 

i r+oo r 

+ esup- I / / \u\ 2 da dt < CWff, 

R>0 M Jo J\x\=R n ^ 

for some e > 0. 

In higher dimension we prove the following Theorem. 

Theorem 1.10 (Weak dispersion for higher dimensional Schrodinger). Let 

n > 4; assume that 

\B T [x)\ < \V+(x)\ < 1 % ! Cf+2C 2 < H( n _i)( n _3), (1.27) 

X 3j O 

/or a// x G R n . Then, for any solution of (II. 4ft u>i£/i / G L 2 , H A f G L 2 , i/ie 
following estimate holds: 

i r+oo r 

sup-/ / |V A n| 2 dxdi < 
for some C > 0. Moreover, if the strict inequality holds in (jl.27j) . we a/so 

sup — / / |V A it| 2 ^dt + e / / 1 A 1 dxdt (1.28) 

il>0 Jo J\x\<R Jo JR n \ x \ 



1*1: 

2 Jo J M 3 — " UJ u ni ' 

for some e > 0. 

For the 3D magnetic wave equation we have the following result. 
Theorem 1.11 (Weak dispersion for 3D wave). Let n = 3, and assume that 

111^1113 + 111^+1112 < \ (1-29) 

Then, for any solution u of (jl.5p with f,g G L 2 , H A f,H A g G L? , the 
following estimate holds: 

SU P"T5 / / (\u t \ 2 + \V A u\ 2 ) dxdt <CE(0), (1.30) 

R>0 R Jo J\x\<R V ' 
where the energy E is defined by 

E(t) = -\\utf L 2 + ^Nl^i- 
Moreover, if the strict inequality holds in (|1.24|) , we also have 

^ r+oo r r+oo r \\/ T u \ 2 

sup—/ / ( \u t \ 2 + \Vau\ 2 ) dxdt + e / / , , dxdt 



R>o R Jo J\x\<R 



(1.31) 

f + OO 



+ e 



r+oo r 

SU P~52 / / \u\ 2 dadt <CE{0), 
R>o R Jo J\x\=R 



MAGNETIC VIRIAL. MORAWETZ, SMOOTHING AND STRICHARTZ ESTIMATES 7 

for some C > and e > small. 

The analogous in higher dimension is the following. 

Theorem 1.12 (Weak dispersion for higher dimensional wave). Let n > 4, 
and assume that 

\B T (x)\ < \V+(x)\ < Cf+2C 2 < h n -l)(n-3), (1.32) 

for all x £ M. n . Then, for any solution on (|1.4[) with f,g £ L 2 , H A f, H A g G 
I? , the following estimate holds: 

sup^ / / (\u t \ 2 + \V A u\ 2 ) dxdt <CE(0), (1.33) 

R>0 R Jo J\x\<R V ' 

for some C > 0. Moreover, if the strict inequality holds in (jl.32p . we a/so 
have 

sup— / / ( l^l 2 + I Va^| 2 ) (ixdt + e / / A dxdt 
R>o R Jo J\x\<r v ' Jo Jm. n \ x \ 

(1.34) 



(n-l)(n-3) f + °° f \u\ 2 , , . 
+ e- ^ M / \-j^dxdt < CE(0), 



2 J0 J\x\>R \ x \ 3 

for some e > 0. 

I. 3. Strichartz estimates for the magnetic wave equation. It is more 
or less standard to prove Strichartz estimates as applications of Theorems 

II. Ill I1.12| we do it in Theorem 11.131 The key points are the estimates 
obtained in the previous section and to write (|1.5p as 

u tt - Au = F(t, x) 

u(0) = f (1.35) 
u t (0) = g, 
where 

F = -2iA-V A u- A 2 u-Vu. (1.36) 

We recall that a couple (p, q) is said to be wave admissible if 

2 n-1 n-1 2(n-l) 

- + = -S~. 2<p<oo, -i - L >q>2, q^oo. 

p q 2 n — 3 

(1.37) 

If (p, q) is a wave admissible couple, we say that it is an endpoint couple if 
p = 2. We can state the following theorem. 

Theorem 1.13 (Strichartz for wave). Let n > 3; assume (HI), (H2) and 
either (jl.29p or (jl.32p . Moreover assume that 

for some C > and some 5 > 0. If u is a solution of (jl.5p and (p, gj is any 
non endpoint wave admissible couple, then the following Strichartz estimate 
holds: 

Hl?^ £ ii/iu + (i-39) 
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where the gap of derivatives is a = \ — \ + h. 

q p A 

Remark 1.1. It is interesting to compare this result with the ones in [7], 
[TO] . [8] and [18]. Assumption (|1.38|) is made in terms of B; since it is the 
anti-symmetric gradient of A and div ^4 = 0, (11.380 implies that 

A s oWT' (L40) 

It is relevant to notice that (11.380 is gauge invariant, while it is not the same 
for (|1.40p . Also the non-trapping and repulsivity conditions given by (|1.29p 
and (11.320 imply the non-existence either of O-resonances or eiegenvalues. 

Remark 1.2. Also notice that (|1.38p requires a > 2 in the homogeneous 
example 11.71 For these examples A 2 is homogeneous of degree strictly bigger 
than two. From the counterexamples given in [13] it is natural to expect 
that Strichartz estimates will fail if a < 2. Notice that in 11.71 A 2 (lo) = = 
min| x | =1 A 2 (x), and this is a necessary condition for the results in [13] to 
hold. 

Remark 1.3. It would be interesting to extend this result to the magnetic 
Schrodinger equation (|1.4jl . In order to do that, we should prove the versions 
of Theorems 11.91 [T. 101 with L 2 -initial data. This will be done elsewhere. 

2. VlRIAL IDENTITIES: PROOFS OF THEOREMS 11.21 AND 11.31 

This section is devoted to the proofs of the virial identities for the mag- 
netic equations, Theorems 11.21 and 11.31 Let us start with the magnetic 
Schrodinger equation. 

3 

Proof of Theorem 11.21 Let us start by considering a solution u 6 H.2 of 
(|1.4|) . Using equation (|1.4|) in the form 

ut = -iHu, (2.1) 

we can easily compute 

e s (t) = -t(u,[H,4>}u) (2.2) 

e s (t) = -(u,[H,[H,4>}}u}, (2.3) 

where the brackets [,] are the commutator and the brackets (,) are the 
hermitian product in L 2 . In order to simplify the notations, let us denote 
by 

T = -[H,<j>]. (2.4) 

By the Leibnitz formula 

Va(/s) =sVa/ + /V 5 , (2.5) 

which implies that 

H(fg) = (Hf)g + 2V A f-Vg + f(Ag), (2.6) 
we can write explicitly 

T = 2V(f) ■ V A + A<£. (2.7) 
Observe that T is anti-symmetric, namely 

(f,Tg)=-(Tf,g); 
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moreover, in the case A = the operator T coincides with the usual one 
introduce by Morawetz in [15], which is 2V(/> • V + A(p. 
Hence we can rewrite (|2.3p in the following form 

& s (t) = (u,[H,T]u) , (2.8) 

where T is given by (|2.7p . 

We can compute explicitly the commutator [H,T]; by (|2.7p we have 

[H, T] = -[V% 2V</> ■ V A ) - [Vi, A<(>] + [V, T] =: I + II + III. (2.9) 

Let us introduce the following notations: for / : M. n — > C, 

With these notations we have 

{fg)j = fp + fgf, 

moreover, the formula of integrations by parts is 

/ h{x)g{x) dx = - I f(x)^(x)dx. 

Now we compute the terms I, and 7T/ in (12.90 . 
The term III in (12. 9p is easily computed: 

III = [V, T] = 2[V, V A ■ V] = -2V0 • W = -24>'V r . (2.10) 

For /, we have 

n 

- 1 = 2 E (w*3s - 
j,k=i 

n 

j,fc=i 

Notice that 




hence, by (|2.1ip we obtain 

n 

j,k=l 

(2.12) 
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For the term II in (|2.9p we compute 

n 

j,k=i 

n 

= {<j>jjkk + 2 4>jjk9^} ■ ( 2 -13) 

j,k=l 

By (f2~T2"j) and (^HS]) we can write 

n „ 

(u, T]u) = y~] / [2u(j) kjj u~ + Au(f> jk &-dru + 2u(f> kjj u~) dx 

n „ 

+ E / RB { A i - A i) k \ u \ 2 + Aiu h (4 - 4) %) dx 

(2.14) 



+ / \u\ 2 A 2 6dx. 



Observe that 



as a consequence, integrating by parts the first three terms of (|2.14p we have 

n . 

y~] / [2u(t) k jjW~ + 4u(j) jk chdzu + 2u<f> kjj u~) dx (2.15) 

= / —4u^4>j k u^dx = —4 / VA"U-D 2 ^VAit dx. 
For the 4th and 5th term in (|2.14|) we notice that 

n 

E fc* (4 - 4) = °' 

j,fc=l 

and integrating by parts we obtain 

n „ 

E / fafc ( A l ~ A D >l 2 + 4iu ^ ( A i ~ a j) w k) dx ( 2 - 16 ) 

n „ 

= 49 £ / u^U-^Wcfe 

= 49 / u(f)'B T -XU^dx, (2.17) 

JR™ 

whit -Bfcut as in Definition II .li 

By (pTTJj) . (EUD, (|2TT5|) and (|2TT6|) we conclude that 

(u,[H,T]u) =4 [ V A uD 2 <f)V^u- [ \u\ 2 A 2 <P (2.18) 
JR™ 7m» 

-2 (/)'V r \u\ 2 + / u<P'B t -Vau. 
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Identities fl23J and OTTHD prove (fL13D . 

Remark 2.1. In the above arguments the highest order term in u that ap- 
pears is of the form 

V 2 A u\7(j) ■ V^m; 

it makes sense thanks to assumption (H2) and the condition / 6 L 2 , HaJ £ 
L 2 , which implies HAe ltH f G L 2 , and by interpolation V Ae ltH f 6 £ 2 - Con- 
sequently, all the performed integration by parts are permitted. 

□ 

Proof of Theorem 11.31 The proof of Theorem ll.3l is analogous to the pre- 
vious one. Let us write 

Q w (t) = ( Ut , <jmt) + (4>Vau, Vau) - -(uAcft, u) + (u, cftVu) + (it, *it). (2.19) 

Differentiating in ()2.19p with respect to time and using equation (II. 5p we 
obtain 

j t (ut,M) = -2R{u t ,cPHu) = 2^(u t ,ct>V 2 A u)-2^{u t ,cftVu), 
^(0V A n, V A u) = -2»(ut, 0V» - 2K(n t , • Va«>, 
---(uA(ft,u) = -U(u t ,(A(ft)u), 

^ («,*«) = 2$t(u u -$u). 
Hence, recalling the operator T = — [H, <p] = 2X7 (ft ■ V a + Acft, we have by 

e w (t) = -»(«t, r«) + 2»(ut, * u). (2.20) 

Consider the first term on the RHS of (|2.20p . differentiating and using the 
equation we see that 

- ^(ut,Tu) = (u,HTu) - (u t ,Tu t ). (2.21) 

Since T is anti-symmetric, we have 

M(u t ,Tu t ) =0; (2.22) 

moreover 

(it, HTu) = (u, THu) + (u, [H, T]u) = —(HTu, u) + (u, [H, T]u), 
and then 

R(u, HTu) = - (u, [H, T)u) . (2.23) 
Recollecting (!2~2lT) . (f2~22|) and (f2~23|) we arrive at 

^»(u t ,Tu> = i(«,[ J ff j r]u). (2.24) 
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For the second term on the RHS of (|2.20p . we observe that 

^2M(u t , Vu) = 2(u t , + 2U(Hu, Vu). (2.25) 
at 

By integration by parts we see that 

$t(Hu, iJ?u) = -J | V A u\ 2 ^ - J V A u ■ Vfu. (2.26) 

Moreover, 

J V A u ■ Wu = - J \u\ 2 A$> - J V A u ■ V^u, 
and consequently 

K J V A u-VVu = -~ J \u\ 2 Atf. (2.27) 

In conclusion, by ([2725]) . (p726j) and (p7271) we obtain 

—2^(u t ,^u) =2 j \u t \ 2 ^-2 j \V A u\H + j \u\ 2 A$>. (2.28) 

Finally, by (12T20D . ([2T241 and (I23HD we conclude that 

®w(t) = \{u, [H,T]u) + 2 j \u t \H -2 j \V A u\H + j \u\ 2 A^. (2.29) 

The term [H, T] on the RHS of (I2.29|) has been already computed in the 
previous section, modulo the constant 1/2. The analogous to Remark 12.11 
concludes the proof of (j!.15|) . 

□ 

3. Proofs of the smoothing estimates 

We devote this section to the proofs of Theorems [LSI EH E3 
The proofs are based on suitable choices of the multiplier (ft in the virial 
identities (11.130 and (j!.15|) . As we see in the following, the choice of the 
multipliers is different in the cases n = 3 and n > 4, and it follows the ideas 
of the paper [2]. We start with the Schrodinger equation in space dimension 
n = 3. 

3.1. Proof of Theorem 11.91 Recalling (|2.3p and (12. 4p . let us rewrite iden- 
tity (|1.13j) as follows 

±@ s (t) = -(u, \H,T]u). 
By (|2.2|) and (|2.7|) . integrating by parts we see that 



Q s (t) = 29 / u(x, t)V A u(x, t) ■ V<j)(x) dx. 
Hence we can rewrite ()1.13j) as follows 

2/ V A uD 2 <jNAU-\ I \u\ 2 A 2 0- [ (j)'V r \u\ 2 (3.1) 

+ 29 / u(p'B T ■ V A u = K(t), 
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for all t > 0, where 

K(t) = — ( 3 / u(x, t)V A u(x, t) ■ V(p(x) dx) , 

We start with an interpolation Lemma that will be used for the estimate 
of the right hand side of (|3.1I) . 

Lemma 3.1. Let <j) = 4>{\x\) : W 1 — » R, n > 3, 6e a radial function such 
that <j)'(r) and r(j)"(r) are bounded; then the following estimate holds: 

u(x,t)V A u(x,t)-V<P(x)dx < C\\f W^i. (3.2) 

Proof. Let us consider the quadratic form 

T(f,g) = f J{x)V A g{x)-V<t){x)dx. 

Since <f>' is bounded, we have the inequality 

|r(/,5)l<Ci||/|| i2 ||V A5 |U 2 . (3.3) 
By integration by parts, we see that 

T(f,g) = - [ g{x)V A J{x) • V0(x) dx - [ JgA^dx; (3.4) 



under the assumptions on eft we have that A(j)(x) < C/|x|, hence using the 
magnetic Hardy's inequality (lA.lj) we have by (|3.4|) that 

\T(f,g)\<C 2 \\g\\ L 2\\V A f\\ L 2. (3.5) 

By interpolation between (|3.3[) and (|3.5p we get 

\T(f,g)\<C\\f\\ nl/2 \\9\\n^- 

□ 

Now we choose an explicit multiplier eft. For some M > 0, let us consider 

0o (x) = / o ( s ) ds > 

JO 

where 

<& = Mr) - 
A direct computation shows that 

K (r) = < 



M + |r, r < 1 

^ + I"6^> r>l. 



Si r<l 
3F. r>1 



and the bilaplacian is given by 

A 2 ^ (r) = -4vr(5 x= o - 5| x |=i, 

where ot the right hand side we have the Dirac masses concentrated at zero 
and on the unit sphere, respectively. By scaling, for any R > we define 

*)■ 

v It/ 
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hence 

4>'{r) 



r < R 

r > R 



(j)"(r) 



A 2 6(r) 



3/J' 
J_ R 3 
R ' 3r^ 



r < R 
r > R 



1 



(3.6) 

(3.7) 
(3.8) 



Observe that the assumptions of Lemma 13.11 are satisfied by <fi. 

We can pass to the estimate on the left hand side of (|3.ip . Let us introduce 
the following formula, which holds in any dimension: 



V A uD 2 (f>V A u = <f>" |V>| 2 + — |V>| 



(3.9) 



Here is the projection of V a on the tangent plane to the sphere, such 
that 

|V>(x)| 2 + |V>(x)| 2 = \V A u{x)\ 2 , 



X \ X 



V r A u(x) = ^Va«(x) • j^j , V>-V> = 0. 

Now we insert (|3.6p . (|3.7p and (|3.8|) in (|3.ip ; neglecting the negative part 
V~ of the electric potential, we have 



2 

3« 



T „,|2 



V T A U 



dx 



/ |V A n| 2 dx + 2M \ 
J\x\<R JR n 

/ (fi'V^lul 2 dx + / u(j)' B T ■ V au dx 
u(x, t)Vyiu(x, i) • Vc/)(x) dx 



+ \ u \ 2da ( 3 - 10 ) 

lK J\x\=R 



d_ 

~ lit 

for all R > 0. Let us now consider the term involving £? T on the left hand 
side of (|3.10p ; since the vector field B T is tangential, by (|3.6p we can estimate 



29= / ucjj ' B T ■ VAudx > —2 9 / u<p'B T • V/iucfe 



(3.11) 



> -2(M+- 



Iwl • I fir I • IV^til dx 



> — 2 ( M + 



> -2 M + 



' , A ' 



+oo 



dp sup |i? r | 2 |a:| 3 



> -2 ( 1/ + - ) /v, ( sup 



i?>0 



lul 2 der 



\x\=R 



\x\ ■ \u 

\x\=p 

-[ 

P 2 J\x\=p 

+0O 

\x\=p 



2 ■ \BJ 2 da 



\u\ 2 da 



sup |I? T | 2 |:c| 3 dp 



-2[:\f +-)K 1 K 2 \\\B 2 \\\l /2 , 
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where 

Vr» Fl / 

i 

2 



K 2 = ( sup-^ / \u\ 2 da ) , 
\i?>0-K y|a;|=ij / 



and we recall the definition 



l^llb 



o 



p 3 sup I -B T 1 2 dp. 



In an analogous way we treat the term involving in (|3.10j) : 

b% + \u\ 2 dx > - 



b' V^~\u\ 2 dx 

-oo 

dp 



(3.12) 



• fa\ 2 da 



\x\=p 



> - [M + 

> - [M + 



I) r°°dp( sup (|y+|.|*| 2 )4 / I 

2 / J0 \\x\=P P J\x\=p 



\u\ 2 da 



+0O 

\x\=p 



sup \V+\ ■ \x\ 2 dp) ■ I sup -^r 

/ V fi>o J\x\=p 



\u\ 2 da 



where K 2 is as before and 

IIIK + Ill2 



p sup 1 1^7 dp. 

\x\=p 



Using ()3.1ip . ()3.12p and taking the supremum over R > in (I3,10p . we 
obtain 



R>0 -J-n- J|a:|<_R * 



<K(t)+ IM + ij • (2K 1 Er 2 ||| J B 2 |||^ /2 + K 2 2 |||K + || 
or equivalently 

sup^ / |V A u| 2 dx + C(M,K 1} K 2 ,B) < K(t), (3.13) 

R>0 J|x|<R 



where 



C{M,K U K 2 ,B) =2MK 2 + 



K 2 



- 2 (V + £) \\\B 2 \\\l /2 K X K 2 . 

Notice that all the quantities that appear in the above calculation are finite 
thanks to the assumptions (HI) and (H2) and the diamagnetic inequality. 
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In order to conclude the proof, it is sufficient now to optimize the small- 
ness condition on |||1? 2 |||3 anc j |||V^. + |||2 under which we can ensure that 
C(M,K 1 ,K 2 ,B)>0. 

Due to the homogeneity of C, it is not restrictive to fix K\ = 1 and impose 
that 



1-(m + 1)\\K\u, 



Kl-2(M + ]A \\\B 2 T \\\ l J 2 K 2 + 2M 



for all K 2 > 0. This gives the following condition: 
(M + i) 2 m / 1 



y m ^|||3 + 2^M + -j|||K + |||2<l. (3.14) 

In order to optimize (13.140 in terms of the size of B, we choose M = 1/2, 
such that the coefficient of |||i3^|||3 is the minimum possible. Hence we 
obtain 

lll^rllls + HIK+Ilh < \ => C(M, Ki,K 2 ,B) > 0. (3.15) 
As a consequence, if (|1.24|) is satisfied we have by ()3.13j) and f)3. 15|) that 

If 2 

sup— / |Va«| dx<ClZ(t), 

R>0 R J\x\<R 

for some C > 0. Moreover, if the strict inequality holds in (|1.24|) . we also 
have 

1 f ,„ ,2 , f |V^w| 2 , 
sup — / V^4it| ax + e — : — : — ax 



R>o R J\x\<R 



+ esup^o / \u\ 2 da < CTZ(t), 
R>o R J\x\=R 



l\x\~- 

for some e > 0. 

At this point, the thesis immediately follows by integrating in time the 
two last inequalities and applying Lemma 13.11 and the conservation of the 
Ti 2-norm to the right hand side. 

3.2. Proof of Theorem 11.101 For the proof of the higher dimensional 
Theorem 11.101 we use the same techniques of the previous one, but with 
different multipliers. First of all, let us start again from (I3.ip . We divide 
the estimate of the left hand side into two steps, choosing two different 
multipliers. 

Step 1. Let us consider the multiplier 4>{x) = \x\, for which 

2 ,/ \ ( n ~ !)( n - 3 ) 



4>(r) = 1, <t>"(r) = 0, A 2 (j){r 



With this choice, by (13.9H we can rewrite (|3. If) as follows: 



\V\u\ 2 , (n- l)(n-3) f \u\ 2 , 

dx + - ^ - I j^dx (3.16) 



/ V r \u\ 2 dx + 2% uB T ■ X7 A udx = K(t). 

JR n it" 
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Here we used again the same notations of the previous Section. As in the 
previous case, the main goal is to prove the positivity of the left hand side. 
Let us assume that 

\Br{x)\ < 7— ilj 



and estimate 

29 / uB T ■ Vau dx 



> 



u 



X, 



x. 



dx 



\x\ 3 \B T \ 2 \V T A u\ 2 dx 



(3.17) 



> -1C X K X K 2 , 



where 



u 



R n \ x \ 



dx 



N t au\ 



dx 



Analogously, assume that 



and estimate 



1^)1 < S 



V r \u\ 2 dx > -C 2 K 2 , 



where K\ is as before. 

Consequently, for the left hand side of (|3.16p we have 



|V>| , (n- l)(n-3) 
' A ' dx + Q 



u • 



dx 



(3.18) 



/ V r \u\ 2 dx + 2% uB T -V T A udx 



> 2K 2 - 2C X K X K 2 - C 2 K 2 + ( " ^ 3) K 2 =: C{C^C 2 ,K X ,K 2 ). 

Once again, we want to optimize the condition on C\ and C 2 under which 
the right hand side of (13.180 is positive for all K\,K 2 . 

Also here it is not restricting to fix K\ = 1 and requiring that 

"(n-l)(n-3) 



Co 



K{ - ICxKx + 2 > 0, 



which gives the following condition: 

C\ + 2C 2 < (n- l)(n-3). 
As a consequence, if ()3.19p is satisfied, then 



|V r .d 



dx + 



(n- l)(n-3) 



c?x 



(3.19) 
(3.20) 



K + M 2 - 29 / uB T ■ V T A udx > 0. 
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Moreover, if the strict inequality holds in (|3.19p . we have 

r |V^ + (n -!)(„- 3) I \u?_ I w _ 29 / aBr . Wu 
Jm. n \ x \ * Jr" \ x \ JR n JR n 

(3.21) 

. ( ' / |V>| 2 + (n-l)(n-3 ) f \uf 
~ M ^ 

for some e > 0. 

Step 2. Now we perturb the multiplier <fi to complete the proof. Let us 
consider 

4> = <f) + <p, (3.22) 
where cp(r) = r and ip{r) = f£ <p'(s) ds, with 

f "•~ 1 r r < 1 

1 2 2nr™- 1 ' r > 
An explicit computation shows that 



<p"(r) 



n—l 
2nr n ' 



r > 1, 



a2 ™~~Ijc (n- 1)(w-3) 

A V = Y~ N=1 2^3 *[i>+°°)- 



Finally, for any i? > we define the scaled multiplier 
we have explicitly that 



Mr) = R(t> 



where 



<>n(r) - r-\- R\s ( L ) . (3-23) 



T (n— l)r , p 



2 2nr Tl - 1 ' 
1 n-1 



r < i? 



= | jfyl-i) - ^ R (3-25) 

a 2 n — l. (n — l)(n — 3) .„ „„. 

A ^i? = — |as|=jR 2^3 X[R,+oo)- (3-26) 

At this point, we put the multiplier 4>r in (13. ip . Observe that, in this case, 

sup^'(r) = -; 

r>0 ^ 

hence for the terms involving V r and i? T we can repeat the same computation 
in (|3.17p . with the scaled constants C\ = §Ci, C2 = \C%\ in this way, the 
final condition on B T and V r turns out to be (|1.27j) . Under this assumption, 
when we put <j)R into (|3.ip . we can use the term |x| in (|3.23p to control 
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the perturbative terms with the potentials. Finally, by (|3.20p . (|3.9p . (|3.24p . 
(|3.25p . (|3.26p . we have proved that 

sup 4 / \V A u\ 2 dx < CK(t), (3.27) 

R>0 R J\x\<R 

for some C > 0, if (I1.27P is satisfied. Moreover, if the strict inequality holds 
in (|1.27p . we also have 

V T A u\ 2 , (n-l)(n-3) f \u\ 2 \ „ , x 

1 ! dx + - ^ J - I {-^ dx < CK(t), (3.28) 




\X\ Z /M n \X 



analogously to (|3.21|) . Now the proof continues exactly the one of the 3D 
Theorem 11.91 by integration in time and application of Lemma 13. 11 

3.3. Proofs of Theorems 11.111 and 11.121 The proofs of the smooth- 
ing Theorems for the magnetic equation are identical to the ones for the 
Schrodinger equations. The starting point is now the virial identity (|1.15p . 
which can be written as follows: 

2 j V A uD 2 (jN^dx-\ [ \u\ 2 A 2 (pdx (3.29) 

JR" 2 J^n 

+ 2 1 \u t \ 2 ^dx-2 I \V A u\ 2 ^dx + / \u\ 2 AVdx 



where 



- / <f>'V r \u\ 2 dx + 29 / ucj)'B T -V A udx = TZ(t), 
Ju n Jm. n 

d f 

K(t) = -—$l u t {2V(f)-V^u + uA(t) + u^)dx. (3.30) 

dt J^n 

For the LHS of (|3.29p . we use the same multiplier <p of the Schrodinger 
theorems, while the choice of $ is the following: 



*(x) 

By direct computation we see that 

A* = 




\x\ < R 
\x\ > R. 

\x\ < R 
\x\ > R, 

hence > and the term involving it in (|3.29[) can be neglected. The 
only thing to control is the positivity of the term 

/ (V A uD 2 4>X7 A u - \V A u\ 2 ^) dx, 
J\x\<R 

which is ensured by the choice of the constant 1 /2 in the definition of $ and 
the explicit formulas for and <f>" introduced in the previous sections. 

Finally, after integration in time, with the same techniques involving 
Cauchy- Schwartz, magnetic Hardy's inequality and energy conservation, the 
RHS of (|3.29p turns out to be controlled by CE(0), and this concludes the 
proof. 
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4. STRICHARTZ ESTIMATES FOR THE MAGNETIC WAVE EQUATION 



The final section of this paper is devoted to the proof of Theorem II .13\ as 
application of the smoothing estimates, Theorems 11.111 and 11.121 We start 
with a preliminary Lemma. 

Lemma 4.1. Let (p,q) be a non endpoint wave admissible couple; then, for 
all T £ R, the following estimate holds 



sin ((T — t)\/— A) 

7^ 



F(T, •) dT 



j\\L 2 L 2 i 



(4.1) 



LPH% jt 



where a = £ — ~ + A and 



F,,(t,x) 



>(t,x), |x| 6 [2- J , 2 jf+1 ] 
0, |x| G [0,oo) \ [2i,2i +l \. 



Proof. We recall the usual Strichartz estimate for the free wave equation 
(see IS], [Hi) 



(v^A)- 



-l„itV-A 



LPH° 



with a = | — | + | and the inequality 



sup 

i?>0. 

analogous to (II. 9p . By (14. 2p we get 
^ T ^((i-^v^A) 



poo f' 




2 dxdi < || 


fib 


/O >/|a:|<R 









(4.2) 



(4.3) 



o 



< 



< 



Jty^A f-T 



-iry/-A 



LPH° 



(4.4) 



-irV-A 



F(t, •) dr 



L 2 



The dual of estimate (|4.3p is 

- iT ^F(r, •) dr 



< 



L 2 



(see e.g. |16j); as a consequence and by a standard application of the Christ- 
Kiselev Lemma ([5]), we have (14. ID . □ 

Now we pass to the proof of Theorem 11.131 As observed in Section 11.31 
we can rewrite (|1.5|) in the form (jl.35p , with F given by (|1.36p . The solution 
of (jl.35p is represented by 



/ \ , /—its* sm(t^/^A) f l sin Ut - t)V=E) 



o 



F(t, •) dr. 

(4.5) 
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For the first two terms we use (|4.2p . For the last term, recalling (jl.36p . by 
(|4.ip we estimate: 



/•* sin ((t - r)v/^A) , A j9 
Jo V=A ' 



< 



(4.6) 



LpH% 



E 2 M(/7 A-V A X + (fj {A 2 + V)u\ 

1 WO J|x|e[2i,2J+ 1 ] / V JO J|a;|e[2i,2J+ 1 ] / 



3 



As observed in Remark II .14 assumption (|1.38p implies 

\A(x)\< ( ' 



(1 + lxl) 1 ^' 

moreover, (|1.38|) is compatible with (|1.29|) and (|1.32p . Consequently, by 
Holder inequality and the smoothing estimates (jl.3ip and (jl,33p we obtain 

£2£||(A.VAt0i[|r^< (4-7) 



\ 7^ 7^ / V ?ez 2J Jo 72J|xl<2J+ 1 / 



v j<o i>o 



jeZ ^ Jo J2i\x\<2i+ 1 



^2i||(^ 2 n + Fu) i || L 2 i2 < (4.8) 



< E 2l +E 2 ~ 2ie su p^7 / / h 2 

-Clsup^f / h| 2 da] <Cy/E(pj. 
yjez ^ J Jo J|z|=2J y 

By (dSJ), (gSJ, (|12D and gSJ) the proof is complete. □ 

Appendix A. Magnetic Hardy's inequality 

We devote an Appendix to the magnetic version of Hardy's Inequality. 

Theorem A.l. Let n > 3 and let A : R n -> M n , V A = V - L4. T/ien, /or 
any / G D(H A ) the following inequality holds: 



\xV dX -Tn-^ \^Af\ z dx. (A.l) 

Proof. We only need to prove (lA.ip for / G Cq* 3 , then we conclude by density. 
Let us observe that, for all a£l, 

0< / \V A f + a-^f\ 2 dx (A.2) 

JR n \ x \ 

= [ \V A f\ 2 dx + a 2 [ j\ I dx + 2aR I J-^-V A fdx. 

JR n JR n \ x \ JR" \ x \ 

By integration by parts, using the Leibnitz formula 

V A (fg) =gV A f + fv g , 
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we see that 



2a3? f ■V A fdx = -a f |/| 2 div dx = 

Using this in (lA.2j) we have 

{-a 2 + (n-2)a} / ^ dx < [ \V A f\ 2 dx 

JR" \ x \ JR n 



for all ael. Now we observe that 



max { —a 2 + (n — 2)a} 



(n-2f 



and this completes the proof. 



□ 
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